Introduction {#Sec1}
============

*Proof Complexity* is the field aiming to understand the computational cost required to prove or refute statements. Different proof systems may provide different proofs for the same formula and some proof systems are provably more efficient than others. When that happens, proof complexity cares about which elements of the more powerful proof system really make the difference.

In propositional logic, proof systems that work with CNF formulas have attracted the interest of researchers for several decades. One of the reasons is that CNF is the working language of the extremely successful SAT solvers and the search spaces that they traverse can be understood and analyzed as proofs \[[@CR5]\].

(Partial Weighted) *MaxSAT* is the optimization version of SAT. Although discrete optimization problems can be modeled and solved with SAT solvers, many of these problems are more naturally treated as MaxSAT. For this reason the design of MaxSAT solvers has attracted the interest of researchers in the last decade. Interestingly, while some of the first efficient MaxSAT solvers were strongly influenced by MaxSAT inference \[[@CR9]\], this influence has diminished along time. The currently most efficient algorithms solve MaxSAT by sophisticated sequences of calls to SAT solvers \[[@CR1], [@CR4], [@CR11]\].

We think it is important to understand this scientific trend with a more formal approach and such understanding must go through an analysis of the possibilities and limitations of MaxSAT proof systems (how MaxSAT inference compares with obtaining the same result with a sequence of SAT inferences?). The purpose of this paper is to start contributing in that direction by improving the understanding of MaxSAT proof systems. With that aim we extend some classic proof complexity concepts (i.e, entailment, completeness, etc) to MaxSAT and analyze three proof systems of increasing complexity: from stand-alone MaxSAT resolution (**Res**) \[[@CR9]\] to the recently proposed resolution with extension (**ResE**) \[[@CR10]\]. For the sake of clarity, we break the extension rule of **ResE** into two atomic rules: *split* and *virtual*; and analyze their incremental power. Our results show that each add-on makes a provable stronger system. More precisely, we have observed that: **Res** is sound and refutationally complete. Adding the split rule (**ResS**) we get completeness and (unlike what happens in SAT) some exponential speed-up in certain refutations. Further adding the virtual rule (**ResSV**), which allows to keep negative weights during proofs, we get further speed-up by capturing the concept of *circular proofs* \[[@CR3]\]. We also give the interesting and somehow unexpected result that in some cases rephrasing a MaxSAT refutation as a MaxSAT entailment may transform the problem from exponentially hard to polynomial when using **ResSV**.

The structure of the paper is as follows. In Sects. [2](#Sec2){ref-type="sec"} and [3](#Sec3){ref-type="sec"} we provide preliminaries on SAT and MaxSAT, respectively. In Sect. [4](#Sec4){ref-type="sec"} we define some variations of the Pigeon Hole Problem that we need for the proofs of the theorems. In Sect. [5](#Sec5){ref-type="sec"} we provide basic definition and properties on MaxSAT proof systems and introduce and analyze the different systems addressed in the paper. In Sect. [6](#Sec9){ref-type="sec"} we show how the strongest proof system **ResSV** captures the notion of Circular Proof. Finally, in Sect. [7](#Sec12){ref-type="sec"}, we give some conclusions.

SAT Preliminaries {#Sec2}
=================

A *boolean variable* *x* takes values on the set $\documentclass[12pt]{minimal}
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                \begin{document}$$\{0,1\}$$\end{document}$. A *literal* is a variable *x* (positive literal) or its negation $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{x}$$\end{document}$ (negative literal). A *clause* is a disjunction of literals. A clause *C* is satisfied by a truth assignment *X* if *X* contains at least one of the literals in *C*. The *empty clause* is denoted $\documentclass[12pt]{minimal}
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                \begin{document}$$C=l_1\vee l_2 \vee \ldots \vee l_p$$\end{document}$ is satisfied if all its literals are falsified and this can be trivially expressed in CNF as the set of unit clause $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\overline{l}_1, \overline{l}_2, \ldots , \overline{l}_p\}$$\end{document}$.
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                \begin{document}$$\mathcal{F}$$\end{document}$ is a set of clauses (understood as a conjunction). A truth assignment satisfies a formula if it satisfies all its clauses. If such an assignment exists, we say that the assignment is a model and the formula is satisfiable, noted $\documentclass[12pt]{minimal}
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                \begin{document}$$SAT(\mathcal{F})$$\end{document}$. Determining whether a formula is satisfiable constitutes the well-known SAT Problem.
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                \begin{document}$$\mathcal{F}$$\end{document}$ *entails* formula $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{G}$$\end{document}$, noted $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}\models \mathcal{G}$$\end{document}$, if every model of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}$$\end{document}$ is also a model of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{G}$$\end{document}$. Two formulas $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{G}$$\end{document}$ are *equivalent*, noted $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}\equiv \mathcal{G}$$\end{document}$, if they entail each other.

An *inference rule* is given by a set of antecedent clauses and a set of consequent clauses. In SAT, the intended meaning of an inference rule is that if some clauses of a formula match the antecedents, the consequents can be *added*. The rule is *sound* if every truth assignment that satisfies the antecedents also satisfies the consequents. The process of applying an inference rule to a formula $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}$$\end{document}$ is noted $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{F}\vdash \mathcal{F}'$$\end{document}$.

Consider the following two rules \[[@CR3], [@CR12]\],where *A* and *B* are arbitrary (possibly empty) disjunctions of literals and *x* is an arbitrary variable. In propositional logic it is customary to define rules with just one consequent because one rule with *s* consequents can be obtained from *s* one-consequent rules. As we will see, this is not the case in MaxSAT. For this reason, here we prefer to introduce the two-consequents split rule instead of the equivalent weakening rule \[[@CR3]\] to keep the parallelism with MaxSAT more evident.
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                \begin{document}$$\varDelta $$\end{document}$ is a set of inference rules. A *proof* of *length* *e* under a proof system $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta $$\end{document}$ is a finite sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}_0\vdash \mathcal{F}_1 \vdash \ldots \vdash \mathcal{F}_e$$\end{document}$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}_0$$\end{document}$ is the original formula and each $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}_i$$\end{document}$ is obtained by applying an inference rule from $\documentclass[12pt]{minimal}
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                \begin{document}$$\vdash ^*$$\end{document}$ to denote an arbitrary number of inference steps. A *short* proof is a proof whose length can be bounded by a polynomial on $\documentclass[12pt]{minimal}
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                \begin{document}$$|\mathcal{F}|$$\end{document}$. A *refutation* is a proof such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\Box \in \mathcal{F}_e$$\end{document}$. Refutations are important because they prove unsatisfiability.

A proof system is *sound* if all its rules are sound. All the SAT rules and proof systems considered in this paper are sound. A proof system is *complete* if for every $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}, \mathcal{G}$$\end{document}$ such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}\models \mathcal{G}$$\end{document}$, there is a proof $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{G}\subseteq \mathcal{H}$$\end{document}$. Although completeness is a natural and elegant property, it has limited practical interest. For that reason a weaker version of completeness has been defined. A proof system is *refutationally complete* if for every unsatisfiable formula $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}$$\end{document}$ there is a refutation starting in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}$$\end{document}$ (i.e, completeness is required only for refutations). It is usually believed that refutational completeness is enough for practical purposes. The reason is that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}\models \mathcal{G}$$\end{document}$ if and only if $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}\cup \overline{\mathcal{G}}$$\end{document}$ is unsatisfiable, so any implicationally complete proof system can prove the entailment by deriving a refutation from a CNF formula equivalent to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}\cup \overline{\mathcal{G}}$$\end{document}$.

It is well-known that the proof system made exclusively of resolution is refutationally complete and adding the split rule makes the system complete. The following property says that adding the split rule does not give any advantage to resolution in terms of refutational power.

Property 1 {#FPar1}
----------

\[(see Lemma 7 in \[[@CR2]\]\]. A proof system with resolution and split as inference rules cannot make shorter refutations than a proof system with only resolution.

MaxSAT Preliminaries {#Sec3}
====================

A *weight* *w* is a positive number or $\documentclass[12pt]{minimal}
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                \begin{document}$$w\in \mathbb {R}^+\cup \{\infty \}$$\end{document}$). We extend sum and substraction to weights defining $\documentclass[12pt]{minimal}
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A *weighted clause* is a pair (*C*, *w*) where *C* is a clause and *w* is a weight associated to its falsification. If $\documentclass[12pt]{minimal}
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                \begin{document}$$w=\infty $$\end{document}$ we say that the clause is *hard*, else it is *soft*. A weighted *MaxSAT CNF formula* is a set of weighted clauses $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}= \{(C_1,w_1), (C_2,w_2), \ldots , (C_p, w_p)\}$$\end{document}$. If all the clauses are hard, we say that the formula is hard. We say that $\documentclass[12pt]{minimal}
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                \begin{document}$$u+v=w$$\end{document}$. In the following we will assume that clauses are separated and merged as needed.
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In the following Sections we will find useful to deal with negated clauses. Hence, the corresponding definitions and useful properties. Let *A* and *B* be arbitrary disjunctions of literals. Let $\documentclass[12pt]{minimal}
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Property 2 {#FPar2}
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Observe that if we restrict the MaxSAT language to hard formulas we have standard SAT CNF formulas where $\documentclass[12pt]{minimal}
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                \begin{document}$$\infty $$\end{document}$ corresponds to *false* and 0 corresponds to *true*. Note that all the previous definitions naturally instantiate to their SAT analogous.

Pigeon Hole Problem and Variations {#Sec4}
==================================

We define the well-known Pigeon Hole Problem $\documentclass[12pt]{minimal}
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MaxSAT Proof Systems {#Sec5}
====================

A *MaxSAT inference rule* is given by a set of antecedent clauses and a set of consequent clause. In MaxSAT, the application of an inference rule is to *replace* the antecedents by the consequents. The process of applying an inference rule to a formula $\documentclass[12pt]{minimal}
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A proof system is *sound* if all its rules are sound. In this paper all MaxSAT rules and proof systems are sound. A proof system is *complete* if for every $\documentclass[12pt]{minimal}
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Next we show that, similarly to what happens in SAT, refutationally completeness is sufficient for practical purposes. The reason is that it can also be used to proof or disproof general entailment, making completeness somehow redundant. We need first to define the maximum soft cost of a formula as $\documentclass[12pt]{minimal}
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Property 3 {#FPar3}
----------
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Proof {#FPar4}
-----
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We can now show that an entailment $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar5}
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Proof {#FPar6}
-----
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The application of the previous theorem to single clause entailment yields the following corollary.

Corollary 1 {#FPar7}
-----------
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                \begin{document}$$u = \left\{ \begin{array}{lr} w, &{} \textit{if } w \not = \infty \\ \top (\mathcal{F}) + 1, &{} \textit{if } w = \infty \end{array}\right. $$\end{document}$

A useful application of this corollary will be shown in Sect. [5.3](#Sec8){ref-type="sec"}.

In the rest of the section we introduce and analyze the incremental impact of the three inference rules.

Resolution {#Sec6}
----------

The MaxSAT *resolution* rule \[[@CR8]\] is,where *A* and *B* are arbitrary (possibly empty) disjunctions of literals and $\documentclass[12pt]{minimal}
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It is known that the proof system **Res** made exclusively of the resolution rule is refutationally complete,

### Theorem 2 {#FPar8}

\[[@CR6], [@CR9]\]**.** ***Res*** is refutationally complete.

However, as we show next, it is not complete.

### Theorem 3 {#FPar9}

***Res*** is not complete.

### Proof {#FPar10}
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It is well-known that **Res** cannot compute short refutations for *PHP* \[[@CR12]\] or *SPHP* \[[@CR6]\]. However, it can efficiently refute $\documentclass[12pt]{minimal}
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### Property 4 {#FPar11}

There is a short *Res* refutation of $\documentclass[12pt]{minimal}
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### Proof {#FPar12}

The proof is based on the fact that for each one of the $\documentclass[12pt]{minimal}
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Split {#Sec7}
-----

The *split* rule,is the natural extension of its SAT counterpart. Consider the proof system **ResS**, made of resolution and split. We show that, as it happens in the SAT case, the split rule brings completeness,

### Theorem 4 {#FPar13}

**ResS** is complete.

### Proof {#FPar14}
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However, unlike what happens in the SAT case (see Property [1](#FPar1){ref-type="sec"}), **ResS** is stronger than **Res**,

### Theorem 5 {#FPar15}

**ResS** is stronger than **Res**.

### Proof {#FPar16}

On the one hand, it is clear that **ResS** can simulate any proof of **Res** since it is a superset of **Res**. On the other hand, unlike **Res**, **ResS** can produce short refutations for $\documentclass[12pt]{minimal}
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**ResS** can produce short refutations for $\documentclass[12pt]{minimal}
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                \begin{document}$$SPHP^1$$\end{document}$ and then apply Property [4](#FPar11){ref-type="sec"}. The transformation is done by a sequence of splits,that move one unit of weight from the empty clause to every variable in the formula and its negation.

Virtual {#Sec8}
-------

In a recent paper \[[@CR10]\] we proposed a proof system in which clauses with negative weights can appear during the proof. This is equivalent to adding to **ResS** the *virtual* rule,which allows to introduce a fresh clause (*A*, *w*) into the formula. To preserve soundness (i.e, cancel out the effect of the addition) it also adds $\documentclass[12pt]{minimal}
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Let **ResSV** be the proof system made of resolution, split and virtual (note that resolution and split are only defined for antecedents with positive weights). It has been shown that if $\documentclass[12pt]{minimal}
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The following theorem shows that the virtual rule adds further strength to the proof system,

### Theorem 6 {#FPar17}

**ResSV** is stronger than **ResS**.

### Proof {#FPar18}

On the one hand, it is clear that **ResSV** can simulate any proof of **ResS** since it is a superset of **ResS**. On the other hand, **ResSV** can produce a short refutation of *SPHP* and **ResS** cannot.

The short refutation of **ResSV**, as shown in \[[@CR10]\], is obtained by first virtually transforming *SPHP* into $\documentclass[12pt]{minimal}
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                \begin{document}$$SPHP^1$$\end{document}$. Then, it uses Property [4](#FPar11){ref-type="sec"} to derive $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\Box , m^2+m+1)$$\end{document}$. Finally, it splits one unit of the empty clause cost to each pair $\documentclass[12pt]{minimal}
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                \begin{document}$$x_{ij}, \overline{x}_{ij}$$\end{document}$ to cancel out negative weights. At the end of the process all clauses have positive weight while still having $\documentclass[12pt]{minimal}
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It is clear that **ResS** cannot polynomially refute $\documentclass[12pt]{minimal}
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                \begin{document}$$ SPHP $$\end{document}$ because otherwise a SAT proof system with resolution and split rules would produce shorter refutations than a SAT proof system with only resolution, which contradicts Property [1](#FPar1){ref-type="sec"}.

We will finish this section showing that Theorem [1](#FPar5){ref-type="sec"} has an unexpected application in the context of **ResSV**. Consider the problem of proving $\documentclass[12pt]{minimal}
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                \begin{document}$$MaxSAT(\mathcal{F})\ge 1$$\end{document}$. The following two theorems shows that **ResSV** cannot do efficiently the first approach, but can do efficiently the second.

### Theorem 7 {#FPar19}

There is no short **ResSV** refutation of *PHP*.

### Proof {#FPar20}

Virtual rule cannot introduce hard clauses and resolution and split rules only produce a hard consequence if they have hard antecedents. As a consequence, $\documentclass[12pt]{minimal}
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                \begin{document}$$(\Box , \infty )$$\end{document}$ can only be obtained by resolving or splitting hard clauses in *PHP*. If **ResSV** produce a short refutation for *PHP*, **ResS** and, as a consequence **Res**, also produce the same short refutation for *PHP*, which contradicts Property [1](#FPar1){ref-type="sec"}.

### Theorem 8 {#FPar21}

There is a polynomial **ResSV** proof of $\documentclass[12pt]{minimal}
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                \begin{document}$$(\Box ,1)$$\end{document}$ from *PHP*.

### Proof {#FPar22}

We only need to apply the virtual rule, and then split, for each *i*, *j*. The resulting problem is similar to $\documentclass[12pt]{minimal}
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MaxSAT Circular Proofs {#Sec9}
======================

In this section we study the relation between **ResSV** and the recently proposed concept of circular proofs \[[@CR3]\]. Circular proofs allows the addition of an arbitrary set of clauses to the original formula. It can be seen that conclusions are sound as long as the added clauses are *re-derived* as many times as they are used. In the original paper this condition is characterized as the existence of a flow in a graphical representation of the proof. Here we show that the **ResSV** proof system naturally captures the same idea and extends it from SAT to MaxSAT with an arguably simpler notation. In particular, the virtual rule guarantees the existence of the flow.

SAT Circular Proofs {#Sec10}
-------------------

We start reviewing the SAT case, as defined in \[[@CR3]\]. Given a CNF formula $\documentclass[12pt]{minimal}
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                \begin{document}$$i>p+q$$\end{document}$) is obtained from previous clauses by applying an inference rule in the proof system. Note that the same clause can be both derived and used several times during the proof.
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A *flow assignment* for a circular pre-proof is an assignment $\documentclass[12pt]{minimal}
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### Definition 1 {#FPar23}

A SAT circular proof of clause *A* from CNF formula $\documentclass[12pt]{minimal}
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### Theorem 9 (soundness) {#FPar24}

Assuming a sound SAT proof system, if there is a SAT circular proof of *A* from formula $\documentclass[12pt]{minimal}
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### Property 5 {#FPar25}

Using the proof system with the following two rules,there is a short circular refutation of $\documentclass[12pt]{minimal}
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ResSV and MaxSAT Circular Proofs {#Sec11}
--------------------------------

Now we show that the MaxSAT **ResSV** proof system is a true extension of circular proofs from SAT to MaxSAT. The following two theorems show that, when restricted to hard formulas, **ResSV** and SAT circular proofs can simulate each other. Recall that specializing Corollary [1](#FPar7){ref-type="sec"} to hard formulas, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}\cup \{(\overline{A},1)\} \vdash ^* (\Box , 1) \cup \mathcal{G}$$\end{document}$.

### Theorem 10 {#FPar26}
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### Proof {#FPar27}
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### Theorem 11 {#FPar28}
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### Proof {#FPar29}
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[Phase 2]{.ul}:
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[Phase 3]{.ul}:

We obtain *G* by doing some final arrangements to $\documentclass[12pt]{minimal}
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Conclusions {#Sec12}
===========

This paper constitutes a first attempt towards MaxSAT resolution-based proof complexity analysis. We have provided some basic definitions and results emphasizing the similarities and differences with respect to SAT. In particular, we have shown that MaxSAT entailment can be rephrased as a MaxSAT refutation problem and, as a consequence, refutation completeness is sufficient for practical purposes. Interestingly, when such rephrasing is applied to hard formulas it transforms a SAT query into a MaxSAT one, and such transformation turns out to be relevant in our analysis of SAT circular proofs.

We have also provided three basic inference MaxSAT rules used in resolution-based proof systems (e.g. resolution, split and virtual) and have analysed their incremental effect in terms of refutation power. Finally, we have related **ResSV**, the strongest of the proof systems considered, with the recently proposed concept of circular proofs. We have shown that **ResSV** generalizes SAT circular proofs as defined in \[[@CR3]\].

An additional contribution of the paper is to put together under a formal framework and common notation some ideas spread around in different recent papers such as \[[@CR3], [@CR7], [@CR10]\].
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